The problem of crack detection has been studied by many researchers, and many methods of approaching the problem have been developed. To quantify the crack extent, most methods follow the model updating approach. This approach treats the crack location and extent as model parameters, which are then identified by minimizing the discrepancy between the modeled and the measured dynamic responses. Most methods following this approach focus on the detection of single-crack or multi-crack in situations in which the number of cracks is known. The main objective of this paper is to address the crack detection problem in a general situation in which the number of cracks is not known in advance.
Introduction
The problem of crack detection has been studied by many researchers, and many methods following different approaches and based on different assumptions have been developed. A comprehensive review of recent developments can be found in Sohn et al. (2004) . Most of the crack detection methods in the literature have focused on single-crack cases (Cawley & Adams 1979 ; Rizos et al. 1990 ; Liang et al. 1991; Narkis 1994; Nandwana & Maiti 1997) . For methods that have addressed multi-crack situations, it has been assumed that the number of cracks was known in advance. Ostachowicz and Krawczuk (1991) studied the forward problem of a beam structure with two cracks. They expressed the changes in dynamic behavior as a function of crack location and extent. Ruotolo and Surace (1997) studied the inverse problem of the crack detection of beam structures utilizing natural frequencies and mode shapes. They formulated the crack detection process (estimating the location and extent of cracks) as an optimization problem, and solved it by genetic algorithm when the number of cracks was known. Similarly, Law and Lu (2005) proposed the use of measured time-domain responses in the detection of a given number of cracks on a beam structure through optimization algorithms. The difficulty with this method is that the number of cracks on a beam is generally not known before crack detection. Lam et al. (2005) studied the use of spatial wavelet transform in the detection of the crack location and extent of an obstructed beam using the Bayesian probabilistic framework in which there is only one crack on the structural member. One of the objectives of this paper is to extend the work of Lam et al. (2005) to the multi-crack cases in which the number of cracks is not known in advance. The crack detection methodology proposed here is divided into two phases.
In the first phase, the Bayesian model class selection method (Beck & Yuen 2004 ) is employed to identify the number of cracks based on a given set of measured dynamic data. Once the number of cracks has been identified, the posterior probability density function (PDF) of the locations and extents of the cracks are then calculated using the Bayesian statistical framework ) in the second phase. Unlike the deterministic approach, which focuses on pinpointing crack locations and extents, the objective of the crack detection methodology proposed in this paper is to calculate the posterior (or updated) probability density function (PDF) of the crack locations and extents. The PDF conveys valuable information to engineers about the confidence level of the crack detection results.
The organization of this paper is as follows. In Section 2, the proposed methodology is 4 presented and the related background theories, such as the modeling of the cracked beam, the Bayesian model class selection, and the Bayesian statistical framework, are reviewed. Section 3 reports the results of a series of comprehensive numerical case studies, which verify and demonstrate the proposed crack detection methodology. The effects of measurement noise, modeling error, and the complexity of the class of identification model on the results of crack detection are then discussed, based on the results of these case studies. Conclusions are drawn at the end of the paper.
Proposed Methodology and Background Theories
The proposed crack detection methodology consists of two phases. The number of cracks is identified in the first phase and the PDF of crack location and extent is calculated in the second phase.
The basic strategy in the first phase is to adopt different classes of models for beams with different numbers of cracks (see Figure 1) and to identify the "best" model class based on a set of dynamic measurement D following the Bayesian model class selection method (Beck & Yuen 2004 ). In Figure 1 , the model class j M is employed in modeling a beam with j cracks for
M N is the maximum number of cracks to be considered in the crack detection process, and the parameters the measurement as well as the optimal 2 M -model. Therefore, the selection of model class based solely on the fitting between the modeled and the measured dynamic responses can be very misleading, as the most complex model class will always be selected. In this paper, the Bayesian model class selection method is employed in choosing the "best" class of models based on a given set of data for the purpose of identifying the number of cracks. A brief review of the Bayesian model class selection method is presented in Section 2.2.
In the second phase of the methodology, the posterior PDF of the crack locations and the corresponding extents are calculated following the Bayesian statistical framework , which is briefly reviewed in Section 2.3. The following section covers details concerning the modeling of a beam with multiple cracks.
2.1
Modeling and parameterization of cracked beams 
where L K and R K are the stiffness coefficients of the rotational springs at the left and right ends of the beam respectively. The rotational springs model the semi-rigid behavior of the beam end connections (Chen & Kishi 1989) . At the general ith segment of the beam, the following four continuity conditions must be satisfied: 
By equations (6) and (7) 
where () k Pt is the excitation of the kth mode. The time-domain responses of the beam can then be calculated by the method of modal superposition.
According to Katafygiotis et al. (2000) , the uncertainties associated with the stiffness of the rotational spring, which is employed to model the semi-rigid connection, are much larger than those associated with other model parameters, such as the modulus of elasticity and the mass density of the structural member. Therefore, it is proposed here that the rotational stiffnesses be included as uncertain parameters in the Bayesian statistical framework. It must be 
The total number of uncertain parameters is 3 2  j . It is assumed that the damping ratios for all modes are the same and equal to  in order to reduce the number of uncertain parameters in 8 the Bayesian statistical framework.
Identification of the number of cracks by Bayesian model class selection
As shown in Figure the Bayes' theorem, the posterior (or updated) probability density function (PDF)
for a given set of measurement D and model class j M can be expressed as: 
where j  is the standard deviation of the target error; N is the total number of measured data points at one observed degree of freedom (DOF); and O N is the number of observed DOFs.
in equation (13) is the contribution of the measured dynamic data, and is given by ):
where
;a q is the vector of calculated response (at the observed DOFs) at the nth time step for a given model According to Cox (1961) , probability can be interpreted as a measure of plausibility based on specified information. In other words, the probability of a class of models conditional on the set of dynamic data D is required in order to determine the most plausible model class. This conditional probability can be formulated by again following the Bayes' theorem as (Beck & Yuen 2004 ): 
For unidentifiable cases, the evidence ( | ) j p D M can be calculated by using an extension of the asymptotic expansion used in equation (16) 
in equation (12) in the general unidentifiable problem.
The evidence ( | ) (16) consists of two factors. The first factor
is the likelihood factor. This will be larger for those model classes that make the probability of the data D higher, that is, those that give a better "fit" to the data, which favors model classes with more parameters (model classes with higher complexity). The second factor
is called the Ockham factor (Gull 1988 ). Beck and Yuen (2004) showed that the value of the Ockham factor decreases as the number of uncertain parameters in the model class increases and, therefore, it provides a mathematically rigorous and robust penalty against parameterization. The combination of these two factors allows to select a model class that, on one hand, is complex enough to provide a "good fit" to the measurement but, on the other hand, is not so complex that it "over fits" the data.
The proposed algorithm for identifying the number of cracks on the beam is summarized as follows: with that of ( | )
is the "best" class of models. Otherwise, increase the 
where ( , ) N μ Σ denotes a multivariate Gaussian distribution with mean μ and covariance matrix Σ . The covariance matrix
is given by equation (14) and ( Hz sampling frequency is employed in the crack detection process and, therefore, the number of measured data points N in equation (13) class of models is selected based solely on the ability of the model class to fit the measurement (i.e., the likelihood factor alone), the most complex model class will always be chosen.
Based on the proposed crack detection method, the optimal model 1 a and the updated PDF of the set of model parameters 1 a can be calculated. The normalized marginal PDF of the crack location and extent for the crack ( 1 l vs. 1  ) are plotted in Figure 3 . Because there is only one optimal model within the domain of interest, there is only one peak in the marginal PDF Katafygiotis et al. (2000) . The identified damping is close to the true value and the corresponding COV is small. The low uncertainty of the damping ratio is due to the fact that both the simulated and the modeled dynamic responses are assumed to be classically damped.
In the absence of model error in damping, the low uncertainty in the identified damping ratio is expected.
Case B
As mentioned in Section 2.1, the number of uncertain parameters has a significant effect on the uncertainties associated with the identification results. In order to demonstrate this effect, Table 4 . It is clear from the table that 1 M is the most probable class of models and, therefore, it can be concluded that there is only one crack on the beam.
The optimal parameters, together with the updated PDF, can then be calculated. The marginal cumulative distributions of the crack location and extent are plotted in Figures 7 and 8, respectively. Note that Figures 7 and 4 are plotted in the same scale and, therefore, they can be directly compared. By comparing these two figures, it becomes clear that the uncertainty of the identified crack location in Case A is much higher than that in Case B. A very similar conclusion can be drawn from comparing Figures 5 and 8 for the uncertainties associated with the identified crack extents in Cases A and B. The COVs are then calculated and summarized in the brackets of Table 9 . As expected, the identified crack location and extent are close to their true values. A comparison of the COVs in Cases A and B shows that the uncertainties of the identified crack parameters in Case A are much higher than those in Case B, as suggested by the marginal cumulative distributions in Figures 4, 5, 7 , and 8. Because the only difference between Cases A and B is the number of uncertain parameters, the reduction in uncertainties from Case A to Case B must be caused by the decrease in model complexity.
When the evidence of 1 M in Case A (12837 in Table 3 ) is compared with that in Case B (12850 in Table 4 ), it can be concluded that the 1 M model class in Case B is "better" than that in Case A. This is obvious, because the exact values of rotational stiffnesses and damping ratio are employed in Case B.
3.3
Case C Case C is the same as Case A except that the two rotational springs in Case C are assumed to be the same and are parameterized by a parameter K in the class of identification models. This arrangement, on the one hand, reduces the number of uncertain parameters, but, on the other hand, introduces model error because the rotational stiffnesses of the real structure are different at the two ends.
The evidence for the classes of models The COVs for crack location and extent in Case C are close to those in Case A, but much larger than those in Case B. On one hand, the reduction in model complexity from Case A to Case C reduces the uncertainties associated with the identification result, but, on the other hand, the introduced model error increases those uncertainties. As a result, the uncertainties of the identification results for Cases A and C are very similar.
The study of Cases A to C shows also the effect of model complexity in the required computational cost. Firstly, the computational time required for calculating the time-domain responses of a more complex model class is longer. Secondly, a model class with more uncertain parameters will result in a larger number of minimization variables in the minimization of the J function in equation (14) . This in terms will lead to a larger number of iteration steps in the numerical optimization process, and therefore, a longer computational time. However, the computational time required for analyzing a beam is very short even in Case problem in identifying the simulated cracks even when the crack depths are small. When the COVs of the identified parameters in Case E are compared with those in Case D, it appears that the uncertainties associated with the crack parameters are relatively higher when the crack extent is small.
3.6
Case F
Unlike all of the previous cases, Case F presents a situation in which there are three cracks with different crack depths. The logarithms of the evidence of the classes of models with zero to four cracks are calculated and summarized in Table 8 M (from 12956 to 12948), demonstrating that the correct number of cracks is three. The last row of Table 9 shows that the identified crack locations and the corresponding extents are very close to the true values as shown in Table 2 . Therefore, it can be concluded that the proposed methodology successfully identifies the damage in this case.
Concluding Remarks
This paper addresses the problem of crack detection in beams utilizing a set of measured dynamic data. Unlike other crack detection methods in the literature, the proposed methodology is applicable to multi-crack cases even when the number of cracks is not known in advance. The results are also considered in the case study. In the absence of model error, the higher the model complexity (more model parameters), the higher the uncertainties associated with the identification results will be. When there is model error, the increase in model complexity may help in reducing it, and thus decreasing the uncertainties in the results of crack detection.
Although the overall effect differs from case to case, the Bayesian statistical framework provides a robust measure to quantify this uncertainty.
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